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The exchange of off-resonant propagating photons between distant quantum emitters induces co-
herent interactions among them. The range of such interactions, and whether they are accompanied
by dissipation, depends on the photonic energy dispersion, its dimensionality, and/or the light-
matter couplings. In this manuscript, we characterize the limits of photon-mediated interactions for
the case of generic one-dimensional photonic baths under the typical assumptions, that are, having
finite range hoppings for the photonic bath plus local and rotating-wave light-matter couplings. In
that case, we show how, irrespective of the system’s parameter, the coherent photon-mediated inter-
actions can always be written as a finite sum of exponentials, and thus can not display a power-law
asymptotic scaling. As an outlook, we show how by relaxing some of these conditions, e.g., going
beyond local light-matter couplings (e.g., giant atoms) or with longer-range photon hopping models,
power-law interactions can be obtained within certain distance windows, or even in the asymptotic
regime for the latter case.
I. INTRODUCTION
Even if perfectly isolated, distant quantum emitters
can interact through the fluctuations of the electromag-
netic field (photons) around them [1, 2]. The exchange
of off-resonant photons, that are the ones with energies
different from the emitter’s transition frequency, leads
to reversible excitation transfer between the emitters be-
cause photons are only virtually populated during the
exchange process. In free-space [1, 2], for example, these
interactions (Jij) decay with the distance between emit-
ters (rij) as a power-law r
−3(1)
ij in the near (far) field.
Such power-law coherent interactions have raised a lot of
interest because they can be harnessed for quantum in-
formation [3, 4] or simulation tasks, e.g., to explore long-
range interacting spin models that are known to lead to
many unconventional phenomena [5–24]. Unfortunately,
in free space these dipolar interactions are accompanied
by collective (and individual) dissipative couplings (γij)
induced by the resonant photons, precluding many of
their potential applications.
A way of avoiding this problem consists in modify-
ing the photonic environment around the emitters’ to in-
hibit the modes around the emitter’s transition frequen-
cies [25]. This can be done, for example, in photonic
crystals [26–29], where one can indeed cancel the asso-
ciated dissipation, i.e., γij = 0, by tuning the emitter’s
frequency into a photonic band-gap region. This cancel-
lation generally comes at the price, however, of an expo-
nential localization of the interactions, i.e., Jij ∝ e−rij/ξ,
whose characteristic length ξ can be tuned by changing
the band energy dispersion and the emitter’s detuning to
the band-edge [30, 31]. The only exceptions to this expo-
nential localization of such photon-mediated interactions,
to our knowledge, have been found in high-dimensional
singular band-gaps [32–36], where power-law Jij inter-
actions have been predicted with no associated dissipa-
tion. While some attempts with similar energy disper-
sions have been explored in 1D [37], the emergence of
such power-law coherent interactions mediated by one-
dimensional photonic environments remains so far elu-
sive.
Motivated by this quest, in this manuscript we study
the limits in the range of photon-mediated interactions
induced by one-dimensional environments. Given the va-
riety of experimental platforms available nowadays to ex-
plore such quantum optical effects, ranging from photonic
crystals [38, 39], circuit QED metamaterials [40, 41], sub-
wavelength atomic arrays [42, 43], or state-dependent
optical lattices [44, 45], we provide results for generic
one-dimensional models using a minimal set of assump-
tions, that are, having local and excitation-conserving
light-matter couplings, together with finite range hop-
pings for the bath. With these assumptions, we are able
to show that the quantum emitters’ interactions can al-
ways be written as a finite sum of exponential terms and
can thus never display a power-law decay irrespective of
the model considered. Besides, we also study situations
where some of these assumptions are broken, and show
how one could obtain (quasi) power-law interactions. For
example, we show that non-local light-matter couplings,
as the ones enabled by giant atoms [46, 47], open up the
possibility of mimicking power-law interactions up to cer-
tain distances in a controlled way. Furthermore, we also
study baths with longer-range hoppings, which can lead
to power-law interactions even in the asymptotic limit.
The manuscript is structured as follows: in Sec. II
we first write down the generic light-matter Hamiltonian
that we will consider along the manuscript. Then, we de-
rive the effective photon-mediated interactions in Sec. III.
Afterwards, in Sec. IV we explore the possibilities of ob-
taining power-law interactions by breaking some of the
assumptions of the general model considered in Sec. II.
Finally, we summarize our findings in Sec. V.
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2Figure 1. Scheme of model considered: The photonic bath is
described by a set of N unit cells (that we will consider to
be infinite) composed of Nc (finite) coupled resonator modes.
We use bosonic operators a†n,α to describe the α resonator
mode of the n-th unit cell. We consider the energy of the
discrete resonators an,α to be equal, and take it as the energy
reference of the problem. Two-level (|g〉 , |e〉) quantum emit-
ters, with detuning ∆ from the energy of the resonators, are
locally coupled with strength g to a particular resonator of a
given unit cell n.
II. MODEL
We introduce here the different terms of the Hamilto-
nian of the general model that we will consider along the
manuscript (see Fig. 1). The photonic bath is described
by N unit cells with Nc discrete coupled resonators each,
that is, a one-dimensional model with Nc sublattices. We
only allow for hoppings within the same unit cell or be-
tween nearest-neighboring unit cells. Thus, we can cap-
ture any one-dimensional photonic bath with finite-range
hoppings up to Nc neighbours. We use bosonic operators
an,α, a
†
n,α to describe the photonic excitations of the α-th
resonator within the n-th unit cell of the lattice. As we
are interested in the limit N → ∞, we can safely take
periodic boundary conditions and write the bath Hamil-
tonian in the following form:
HB =
∑
k
(a˜†k,1 . . . aˆ
†
k,Nc
)hB(k)
 aˆk,1...
aˆk,Nc
 , (1)
where we use the .ˆ-notation to distinguish the bosonic
operators defined in momentum space as: aˆk,α =
1√
N
∑N
n=1 e
−iknan,α, with α = 1, . . . , Nc [48]. The ma-
trix hB(k) is an Hermitian matrix which can be written
with full generality as:
hB(k) =

δ1(k) f12(k) f13(k) . . . f1N (k)
f∗12(k) δ2(k) f23(k) . . . f2N (k)
f∗13(k) f
∗
23(k) δ3(k) . . . f3N (k)
. . . . . . . . . . . . . . .
f∗1N (k) f
∗
2N (k) f
∗
3N (k) . . . δN (k)
 . (2)
where δα(k) is the dispersion relation of the α-th sublat-
tice and fα,β(k) the function characterizing the interac-
tions between the α-th and β-th sublattices. This bath
Hamiltonian can be diagonalized resulting in Nc energy
bands ωα(k).
The Ne quantum emitters are described as two-level
systems (|g〉 , |e〉), with energies ∆ (see Fig. 1). Thus,
their internal dynamics is simply given by:
HS = ∆
Ne∑
j=1
σ†jσj , (3)
with σj = |g〉j 〈e| being the spin-operator transition of
the j-th atom. As mentioned in the introduction, we
consider that these emitters are locally coupled to the
environment (local-dipole approximation). This implies
that each quantum emitter couples only to one of the
resonators of a given unit cell of the lattice. Besides, we
describe the light-matter interaction through a Jaynes-
Cummings Hamiltonian (rotating-wave regime approxi-
mation). The latter is a good description of light-matter
interaction as long as the coupling strength is much
smaller than the emitter/bath frequencies [49], as it is
typical case in most of the systems of interest to us.
Under these assumptions the light-matter Hamiltonian
reads:
Hint =
Ne∑
j=1
(
gσ†janj ,αj + H.c.
)
, (4)
where (nj , αj) denotes the indices of the unit cell nj and
the particular resonator αj that the j-th emitter is cou-
pled to. Summing up, the global generic Hamiltonian
that we will consider contains the sum of the three terms:
H = HS +HB +Hint , (5)
III. PHOTON-MEDIATED INTERACTIONS
In order to obtain the photon-mediated interactions
emerging in this general class of models defined by H, we
will assume to be in the Born-Markov regime in which
the photonic bath timescales are much faster than the in-
duced emitter ones. This allows us to adiabatically elim-
inate the photons [49, 50], resulting in photon-mediated
interactions containing both a real and an imaginary
part:
Jij − iγij =
∑
E
〈0|σjHint |E〉 〈E|Hintσ†i |0〉
∆ + i0+ − E , (6)
which leads to unitary/non-unitary emitter dynamics, re-
spectively. Here, |E〉 is an eigenstate of the free part of
the Hamiltonian (Eq. (5) with Hint = 0), E is its en-
ergy, and |0〉 is the global vacuum state of the system
aˆk,α |0〉 = σj |0〉 = 0 for all k, α, and j.
3In this manuscript, we are interested only in the situ-
ations where γij ≡ 0 which can be obtained within this
approximation assuming that ∆ lies in a band-gap re-
gion of the model, i.e., ∆ /∈ ωα(k) for any α or k. Note,
that this regime can always be obtained in these mod-
els since we are considering finite bath hoppings, which
impose a finite bandwidth for the energy bands of the
model ωα(k). Tuning the emitters into those frequency
regions, then the photon-mediated interactions result in
an effective spin model:
Heff =
∑
i,j
(
Jijσ
†
iσj + H.c.
)
, (7)
where Jij can be written as (see Appendix):
Jij =
|g|2
2pi
∫ pi
−pi
dk(∆I− hB(k))−1αiαjeiknji , (8)
with nji ≡ nj−ni being the inter-emitter distance, and I
the identity matrix. The integrand can be expanded as:
((∆ + i0+)I− hB(k))−1αiαj =
1
det(∆I− hB(k))
× adj(∆I− hB(k))αiαj , (9)
where adj(∆I − hB(k)) is the adjugate matrix, which is
the transpose of cofactor matrix, which turns out to be
built with the minors of ∆I−hB(k). Both the numerator
and the denominator of (9) are O(Nc)-th degree polyno-
mials of the matrix elements of hB(k), δα(k) and fαβ(k)
(Eq. (2)). As we are assuming that the hopping terms
in the photonic bath are local up to a finite number of
neighbours, then both δα(k) and fαβ(k) can be written
as finite sums of powers of e±ik. This implies that the
integrand of Jij is, up to a factor eiknji , a quotients of
O(Nc)-th degree polynomials of eik. Taking the change
of variable y = eik sgn(nji), Jij transforms into:
Jij =
|g|2
2pii
∮
dy y|nji|
Aαiαj (y)
Bαiαj (y)
. (10)
As a consequence of the previous discussion, both
Aαiαj (y) and Bαiαj (y) are polynomials in y with a fi-
nite degree O(Nc). As the poles of the integrand are
inside or outside the unit circle, but never in the circle
(see App. C), we can apply the residue’s theorem taking
into account just the poles inside the unit circle, {y<l }:
Jij = |g|2
∑
l
Res
(
Aαiαj (y)y
|nji|
Bαiαj (y)
, y = y<l
)
. (11)
Since Bαiαj (y) is a finite-order polynomial (see previous
discussion) the degree of the poles {y<p } is also finite.
Using the definition of residue, each term in (11) will be
proportional to (y<p )|nji|. This means that irrespective
of the model considered Jij is a finite sum of decaying
exponentials (notice that |y<l | < 1), such that it can be
written:
Jij =
∑
l
Cle
−|nji|/ξl (12)
where the parameters {Cl, ξl} depend on the particular
model considered. Note, this provides a general no-go
theorem for the possibility of having purely power-law
interactions mediated by one-dimensional photonic mod-
els. In the next section, however, we will see how one
can still mimic power-law interactions within certain dis-
tance regimes by breaking some of the assumptions of the
generic model that we have considered.
IV. EMULATING POWER-LAW
INTERACTIONS
As mentioned in the introduction, long-range coher-
ent interactions, understood as decaying with a power-
law behaviour, can lead to qualitatively different phe-
nomena in interacting spin models as compared to short-
ranged ones. For example, these long-ranged models are
known to break conventional Lieb-Robinson bounds on
the spread of correlations [11–14, 18, 51], to lead to exotic
many-body phases [8, 10, 18, 19, 23, 24], to modify the
area-law [15, 22], or to yield fast equilibration times [16],
among other phenomena. For this reason, it is still a
relevant question to see whether in spite of the no-go
theorem that we previously derived, it is still possible to
obtain such power-law behaviour by breaking some of the
assumptions of the generic model considered
In this section, we briefly sketch two possibilities:
in IVA, we show how one can approximate power-law
decay within a distance window by summing finite set of
exponentials in a controlled fashion by going beyond lo-
cal light-matter couplings. Then, in IVB we study baths
with power-law hoppings, and show that they give rise
to non-analytical energy dispersions, which allow one to
obtain power-law asymptotic decays for the interactions
(with the same decay exponent than the original hopping
model).
A. Mimicking power-laws adding finite number of
exponentials
The fact that that power-laws can be built by sum-
ming up exponentials is well-known and used in many
other fields (e.g., in economy [52]). In quantum optical
setups, this has been already exploited, e.g., in Ref. [30],
to obtain approximate power-laws by the use of Raman-
assisted transitions. As we show in the previous Section,
in multipartite lattices such finite sums of exponentials
appear in a natural way (see Eq. (12)), and can lead to
power-law behaviour in certain distance windows. For
example, taking a tripartite lattice described by a gen-
4Figure 2. (a) General scheme of a tripartite lattice with hop-
pings defined in Hamiltonian of Eq. (13). (b) Absolute value
of Jij as a function of the emitter’s distance nij for two emit-
ters coupled to sublattice α = 1. The points are the ex-
act values and the lines the fits to a power law ∼ n−pij for
1 ≤ nij ≤ 10. We take t1 as the unit of energy. The couplings
are t2 = 2.3t1, t3 = 2.8t1, and t12 = t23 = t13 = 0.3t1. The
values of ∆ are in the legends. As shown there, Jeff follows
a power law up to nij ' 10 (shaded area). (c) Approximate
power-law exponent as a function of ∆ for the values of the
parameters of panel (b). The exponent is obtained by a linear
fit for small distances obtaining values pfit ∈ (0.5, 2.5).
eral Hamiltonian (see Fig. 2(a)):
hB(k) =
 −2t1 cos k t12 t13t12 −2t2 cos k t23
t13 t23 −2t3 cos k
 , (13)
where tn is the nearest-neighbour hopping between the
resonators in different sublattices, and tαβ describes the
coupling between the α-th and β-th resonator within the
unit cells, we can find that Jij display a power-law be-
haviour in certain regimes. To illustrate it, we plot in
Fig. 2(b) the effective emitter interactions Jij for a given
set of parameters (see caption), that we found mimic
a power-law behaviour for distances up to ∼ 10 neigh-
bours. The different colors represent different values of
the emitter’s energy ∆, which lead to different approxi-
mate power-law exponent. This is shown more explicitly
in Fig. 2(c) where we plot the results of the fitting Jij
to a power-law for short distances. These interactions
would already allow one to probe long-range interacting
phenomena for small emitter’s distances like done with
trapped ions, e.g., in Refs. [10, 51], where effective power-
law behaviours were also obtained for chains of around
10 ions. However, in order to fully explore the uncon-
ventional phenomena appearing in long-range interact-
ing models, it would be desirable to extend its range to
longer distances (ideally to the thermodynamic limit).
One way of extending the range of the power-law in-
teractions would be to use the methods of optimal ex-
ponential expansions of power-law decays (see Ref. [52]).
These methods provide a recipe to obtain the optimal
(Cl, ξl) parameters one needs to input in Eq. (12) to ap-
proximate a power-law decay with exponent ν up to a
given distance, that are:
Cα,opt =
(
e
βα
)ν
, (14)
ξα,opt =
βα
ν
, (15)
where β is a number that must be optimized to match
the power-law behaviour. Unfortunately, the relation be-
tween the physical parameters of generic multipartite lat-
tices and the resulting parameters (Cl, ξl) in Eq. 12 is
difficult to unravel, precluding their application.
There is, however, one way where the application of
these optimal expansion methods would be conceptu-
ally straightforward (although experimentally challeng-
ing). It requires allowing for non-local light-matter cou-
plings, that is, that the emitters couple to several res-
onators an,α=1,...,Nc simultaneously. These couplings
have been recently achieved with giant atoms in circuit
QED platforms [46, 47]. The idea consists in defining
a multi-partite lattice with Nc resonators per unit cell,
but where they only interact with the resonators of dif-
ferent unit cells, that is, the bath consists of a set of
uncoupled one-dimensional waveguides with energy dis-
persions ωα(k) = ω˜α − 2tα cos(k), where we write ex-
plicitly the possibility that the resonators of each un-
coupled waveguide may have different energy ωα. If the
j-th emitter couples non-locally to all the resonators in
a given unit cell nj (see Fig. 3(a)), the photon-mediated
interactions will be given by the addition of the photon-
mediated interactions of each uncoupled waveguide be-
cause hB(k) is diagonal (see App. D). Thus, Jij can be
written as in Eq. (12), but where (Cl, ξl) are given by
5Figure 3. (a) Scheme of the non-local coupling of emitters
to several uncoupled waveguides. (b) Result of applying the
optimal expansion method of Ref. [52] to obtain Jij ≈ 1/n2ij
interactions. In solid black we plot the exact 1/n2ij , while the
markers are the results of approximation with Nc = 1, 2, 3, 4
waveguides. The waveguide parameters have to be engi-
neered such that the weigths and decay length match those
of Eqs. (14)-(15), using β = 6.
(see Refs. [53, 54]):
Cα ≈ −g
2ξα
2tα
, (16)
ξα ≈
√
tα
Dα
, (17)
where Dα = ∆− ω˜α− 2tα is the effective detuning of the
emitter’s energy to the lower-band-edge (we are assum-
ing the emitter’s frequency lie below the band-edge of
all ωα(k)). This means that by tuning (tα, Dα), one can
tune independently the weight and range of the exponen-
tials and match it to those of Eq. 14-15. In Fig. 3, we
illustrate this procedure by plotting how one can obtain a
Jij ∼ 1/n2ij interaction for increasing distance ranges up
to 1000 lattice sites by coupling the emitter non-locally
to an increasing number of waveguides.
B. Long-range hopping models
The other possibility that goes beyond the initial bath
assumptions of Sec. III consists in allowing for longer-
range bath hoppings scaling as tn = t/nν , like depicted in
Figure 4. (a) Scheme of emitters coupled to a one-dimensional
model with long-range hoppings tn = −
t
n
ν
between n-
neighbours. (b) Bath energy dispersion ων(k)/t
Fig. 4(a). These long-range hopping models appear nat-
urally in trapped ion systems (see e.g., Ref [20]) and sub-
wavelength atomic arrays [1, 2], showing both a power-
law exponent of ν = 3. They also appear in magnonic
networks where superconducting loops can be used to
enhance the range of the interactions to obtain ν < 3,
as recently proposed in Ref. [55]. In the spirit of the
manuscript of providing results as general as possible we
consider the situation where the exponent can have any
value (limited by some physical bounds that we discuss
afterwards).
The bath Hamiltonian of such photonic long-range
hopping models can be described by a simple Bravais
lattice with N
c
= 1, and its energy dispersion depends
explicitly on the power-law exponent ν:
ω
ν
(k) = −t(Li
ν
(e
ik
) + Li
ν
(e
−ik
)). (18)
Here, Li
ν
(z) is the polylogarithm function of order
ν. These energy dispersions are finite for every k as
long as ν > 1, since ω
1
(k) displays a logarithmic sin-
gularity around k = 0. Thus, we will restrict our dis-
cussion to models with ν > 1. As an illustration, in
Figs. 4(b-c) we plot the energy dispersion and associ-
ated density of states D(ω) for models with power-law
exponents ν = 3/2, 2, 3 and 4. As expected for large
6Figure 5. Effective emitter’s interaction Jνij induced by the
photonic long-range hopping models as a function of the emit-
ter’s distance nij for ν = 1.5, 2, 3, and 4 (see legend). The
markers are the result of the numerical integration of Eq. (19),
whereas the dashed lines are the asymptotic scaling laws that
match those of the original hopping model. We fix the detun-
ing between the emitter’s energy and the bottom/top of the
band to 0.05J : ∆ = ων(0/pi) ± 0.05J in panels (a) and (b),
respectively.
exponents, both the energy dispersion and density of
states tend to converge to the nearest-neighbour case of
ω(k) ≈ −2t cos(k), with two van-Hove singularities at the
band-edges (see, e.g., [53, 54, 56]). When the exponent
decreases, however, the longer-range hoppings strongly
modify the band structure and associated density states.
In particular, we observe that ων(k) features a visible
non-analytical kink around k ≈ 0, which is more evi-
dent when we calculate the group velocity of the model,
i.e., vg,ν(k) = ∂kωµ(k), which we plot in Fig. 4(d) for the
same power-law exponents. There, we observe, for exam-
ple, the finite discontinuous jump of the group velocity
for ν = 2, i.e., vg,2(k) ≈ pisign(k)−k. The jump becomes
bigger as ν → 1, finally showing a 1/k divergence when
ν = 1. This increase of the group velocity around k = 0
leads to strong modification of the density of states, e.g.,
canceling the lower edge Van-Hove singularity as ν → 1.
Like in other structured baths [57], such non-analytical
behaviour of the density of states will result in non-
Markovian quantum dynamics when the emitter’s fre-
quencies are tuned with the non-analytical regions. In
this manuscript, however, we will focus only on char-
acterizing the effective emitter’s interactions Jij in the
regime where one can still adiabatically eliminate the
photonic bath (Born-Markov regime) by assuming ∆ lies
far enough from the band edges [53, 54, 56]. Since this
bath can be written as a simple Bravais lattice, the ex-
pression of Eq. (8) simplifies to:
Jνij =
|g|2
2pi
∫ pi
−pi
dk
eiknji
∆− ων(k) . (19)
Differently from the baths we have considered up to
now, the ων(k) energy dispersion has a branch-cut along
the imaginary axis that will lead to qualitatively different
behaviour (see App. E for a complete discussion of the
integration). To characterize Jνij for all distance regimes,
it is convenient to distinguish the situations when the
emitter’s energy lies in the upper/lower band-gap region.
• Upper band-gap regime. This corresponds to sit-
uations when ∆ > ων(pi). In that case, the photon-
mediated interactions can always be written as a sum
of two contributions:
Jνij = J
ν
ij,pole + J
ν
ij,BC , (20)
where Jνpole is the contribution of the poles of the de-
nominator of the integrand of Eq. 19. Their contribution
can be obtained using Residue theorem by expanding
ων(k) close to the position where the pole is expected,
i.e., ων(±pi + iy)/t ≈ ων(pi)/t + Aνy2, for y  1. Using
that expansion, we find that:
Jνij,pole ≈ (−1)|nij |
|g|2ξν
2tAν
e−|nij |/ξν , (21)
where ξν =
√
Aνt/Du, Du = ∆ − ων(pi), and Aν is a
numerical constant that depends on the exponent ν. The
other contribution to Jνij comes from the detour we have
to take when using Residue theorem to avoid the branch-
cut of the integrand. This contribution can be written
as:
Jνij,BC ≈ −
|g|2
pi
∫ ∞
0
dy
Im [ων(ε+ iy)] e
−y|nij |
(∆− Re [ων(ε+ iy)])2 + Im [ων(ε+ iy)]2
=
(22)
=
∫ ∞
0
Gν(y)e
−y|nij | . (23)
Irrespective of ∆, this term will eventually dominate
the long-distance behaviour of Jνij since the pole contribu-
tion is exponentially attenuated. Due to the exponential
term e−y|nij | of the integrand of Eq. 22, the long distance
behaviour of Jνij,BC will be dominated by the behaviour
of Gν(y) when y  1, which we find to be: Gν(y  1) ∝
yν−1. Using that
∫∞
0
yαe−yd = Γ(1 + α)/d1+α, we can
show then that the photon-mediated interactions scale
as:
Jνij,BC ∝ −
|g|2t
D2u
1
|nij |ν , (24)
7in the asymptotic limit (|nij |/ξν  1). Thus, the dipole-
dipole interactions Jνij inherit the power-law exponent
from the hopping model. This behaviour is illustrated in
Fig. 5(a) where we plot the result of numerically integrat-
ing Jνij as a function of the emitter’s distance nij for the
same power-law exponents chosen for Fig. 4, and for a de-
tuning Du = 0.05t. There, we clearly observe that after
an initial exponential decay of the interactions coming
from the pole contribution, Jνij features an asymptotic
power-law scaling (dashed line) with the same power-law
exponent than the original bath model. Let us note, that
this regime was already explored for ν = 3 in the context
of trapped ions [20] obtaining similar results.
• Lower band-gap regime. This regime corresponds to
situations when ∆ < ων(0), and remarkably it leads phe-
nomena that, to our knowledge, has not been pointed
out before. The main difference with respect to the
upper-bandgap situation is that the pole contribution
can be shown to be strictly zero Jνpole ≡ 0, such that
Jνij comes solely branch-cut detour contribution Jνij,BC
(see Appendix). This makes its short-distance behaviour
strongly dependent on the particular ν-exponent of the
hopping model and qualitatively very different from
the upper band-gap situation. This is clearly seen in
Fig. 5(b), where we plot the Jνij for the same detunings
and exponent than in panel (a), but for the lower band-
gap. There, we observe that:
• For ν ≤ 3 the Jνij does not display the initial ex-
ponential decay coming from the pole contribution.
In fact, for the case of ν = 2, we can find that the
initial decay follows a logarithmic law:
Jν=2ij ≈
|g|2 [γ + log(|nij |Dl/(pit))]
pi2t
, (25)
for distances |nij |  pit/Dl. For ν = 3 we also
derived a (more cumbersome) analytical expression
(see Appendix) which shows a similar logarithmic
decay.
• For ν > 3, even though Jνij comes entirely from
the branch-cut contribution of Eq. 22, it starts dis-
playing an approximated exponential decay (see
Fig. 5(b)). The mathematical reason is that one
can find an approximated pole of Eq. 19, whose
residue can be approximated by:
Jνij,pole,∗t
|g|2 ≈
ξ∗ν
2Cν
e−|nij |/ξ
∗
ν (26)
with ξ∗ν =
√|Cν |t/Dl with Dl = ων(0) − ∆ > 0,
and Cν coming from the expansion ων(0+ +iy)/t ≈
ων(0)/t + Cνy
2 when y  1. When ν  1, Cν ≈
−1, recovering the results of the nearest-neighbour
model that were given in Eqs. 16-17. Note, that
this is expected since when ν  1 the longer range
hoppings are negligible with respect to the nearest
neighbour ones.
V. CONCLUSIONS
Summing up, we have derived several general results
for the limits of (coherent) photon-mediated interac-
tions induced by one-dimensional photonic environments.
First, we have shown that under the standard assump-
tions of locality of light-matter (rotating-wave) couplings
and photon hoppings, the photon-mediated interactions
can always be written as a finite sum of exponentials.
Thus, they can only display power-law behaviour in small
distance windows. Besides, we have also proposed two
ways of extending the range of such power-law behaviour
by considering models that go beyond the previous as-
sumptions. For example, by coupling non-locally to sev-
eral one-dimensional waveguides, one could extend con-
siderably the range of the power-law behaviour of the
interactions in a controlled fashion. Finally, we have
also considered the photon-mediated interactions appear-
ing in one-dimensional baths with power-law hoppings.
These models display non-analytical energy dispersions
which lead to interactions which inherit the asymptotic
scaling of the original hopping model. Besides, we also
find situations where the photon-mediated interactions
are not exponentially attenuated in any distance win-
dow. We foresee that other baths with similar non-
analytical energy dispersions, such as resonators arrays
coupled with XiXj couplings or critical spin baths, will
also display similar power-law asymptotic scalings. An-
other interesting direction to explore is whether these
conclusions hold as well for models in the ultra-strong
coupling regime, where such photon-mediated interac-
tions have recently started being explored [58].
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8Appendix A: Introduction
In this Appendix we provide more details on: i) the
general diagonal form of the bath Hamiltonian in sec-
tion B; ii) the derivation of the general photon-mediated
interactions Jij in section C; iii) the generalization of
Jij to the case in which the light-matter couplings are
not fully local, in section D; and finally, iv) the detailed
analysis of the photon-mediated interactions for the long-
range hopping model in section E.
Appendix B: Diagonal form of HB
The bosonic Hamiltonian HB of Eq. (3) can be diago-
nalized. As hB(k) is Hermitian:
hB(k) = P (k)D(k)P
†(k), (B1)
being P (k) unitary and
D(k) = diag(ω1(k), ω2(k), . . . , ωNc(k)), (B2)
with {ωn(k)}Ncn=1 being the eigenvalues of hB(k). Then,
defining a new set of bosonic operators {αˆn,k}Ncn=1 αˆ1,k...
αˆNc,k
 ≡ P †(k)
 aˆ1,k...
aˆNc,k
 . (B3)
HB then reads
HB =
∑
k
Nc∑
n=1
ωn(k)αˆ
†
n,kαˆn,k. (B4)
Appendix C: Effective photon-mediated interactions
In order to derive Eq. (8) from Eq. (6), we write the
bosonic operators anj ,α of Hint in momentum space and
in terms of the α-modes of Eq. (B3):
anj ,α =
1√
N
∑
k
eiknj aˆk,α
=
1√
N
∑
k
eiknj
Nc∑
β=1
P ∗αjβ(k)αˆk,β . (C1)
From this and Eq. (4), the only eigenvalues contribut-
ing to the sum in (6) are |E〉 = αˆ†k,n |0〉, with E = ωn(k).
After taking the thermodynamic limit N →∞ in Eq. (6):
Jij =
|g|2
2pi
∫ pi
−pi
dk
Nc∑
β=1
Pαiβ(k)P
∗
αjβ
(k)
∆ + i0+ − ωβ(k)e
iknji . (C2)
The sum in the integrand can be rewritten as:
Nc∑
β,γ=1
Pαiβ(k)
δβγ
∆ + i0+ − ωβ(k) (P
†(k))γαj . (C3)
Notice that P (k) is the matrix which diagonalizes
hB(k) (Eq. (B1)). Using the well-known property
P (k)D(k)P †(k) = hB(k)
⇒P (k)f(D(k))P †(k) = f(hB(k)) (C4)
we see that (C3) is ((∆+i0+)I−hB(k))−1αiαj . Introducing
this in (C2), we get (8).
Besides, notice that the inverse ((∆+i0+)I−hB(k))−1
always exists. To prove that, we write down the deter-
minant of (∆ + i0+)I− hB(k):
det((∆ + i0+)I−hB(k)) =
Nc∏
β=1
(∆ + i0+−ωβ(k)). (C5)
As ∆ is not embedded in the bands: ∆ 6= ωα(k) ∀k, α,
then this determinant is different from 0. In consequence,
its inverse exists.
A corollary of this last result is that the integrand of Jij
(Eq. (10)) has no poles in the unit circle, |yl| 6= 1. This is
due to the fact that the polynomial of the denominator
of the integrand of Jij is proportional to the determinant
of (∆ + i0+− hB(k))−1 (see Eqs. (8), (9), and (10)). We
just proved that, provided ∆ is not in the bands of the
model, this determinant is different from 0 ∀k ∈ R, that
is, for |y| = 1. In consequence, all the poles are inside or
outside the circle, but never in the circle.
Appendix D: Beyond point-like light-matter
couplings
Let us assume that each emitter couples to a finite
number of contiguous sites:
Hint =
2∑
j=1
σ+j
∑
α,n
gjα,nan,α + H.c. (D1)
Introducing this interaction Hamiltonian in the defini-
tion of Jij , (6), and taking the thermodynamic limit
Jij =
1
2pi
∑
αiαjninj
(giαini)
∗gjαjnj
×
∫
dk eik(nj−ni)((∆ + i0+)I− hB(k))−1αiαj . (D2)
The integrand is identical to the point-like case consid-
ered in the main text (Eq. (8)), being the only difference
the sum over the couplings to the different sites and sub-
lattices. Therefore, Jij is again a sum of exponentials of
|nji|, weigthed each with the couplings (giαini)∗gjαjnj .
As a corollary of this, we can derive the effective inter-
action in the particular case in which there is no interac-
tion in each sublattice, so fαβ(k) = 0 and ωα(k) = δα(k)
(see Eq. (2)), and the i-th qubit is coupled to the position
9ni of each sublattice with the same coupling strength g.
Considering this in Eq. (D2), we get
Jij =
|g|2
2pi
∑
α
∫ pi
−pi
dk
einji
∆− ωα(k) , (D3)
that is, that the effective photon-mediated interactions
is the sum of the ones induced independently by each
energy band ωα(k)
Appendix E: Asymptotic scaling of the interactions
in long-range photonic models
As we have shown in the main text, the energy disper-
sion of the photonic bath model with power-law hoppings
of exponent ν is given by:
ων(k) = −t
(
Liν(e
ik) + Liν(e
−ik)
)
, (E1)
where Li(y) is the polylogarithm function. This function
is defined by a power-series:
Liν(z) =
∞∑
k=1
zk
kν
, (E2)
valid for any complex ν and all complex arguments within
|z| < 1, although it can be analytically continued to the
whole complex plane. Assuming a local coupling to the
bath, with coupling strength g, the photon mediated in-
teractions are given by:
Jνij
|g|2 =
1
2pi
∫ pi
−pi
dk
eik|nij |
∆− ων(k) , (E3)
In the case of case of finite-range hopping models, this
integral was calculated by making the change of variable
z = eik and was shown to be given solely the contribu-
tion of the poles within the unit circle. Here instead, the
contour can not be simply closed because ων(k) has a
branch-cut along the imaginary axis of Imk ∈ (−∞,∞)
inherited by the branch-cut of the polylogarithm func-
tion. As a consequence, Jνij will contain additional con-
tributions coming from the detours to avoid the branch-
cut. Let us now provide approximated expressions of
Jνij for both the situation where the emitters’ energy lie
above and below the band, that we will show to lead to
qualitatively different behaviour.
Upper band-gap. Let us start with the case where
∆ > ων(k) for all k, and denote as Du the energy differ-
ence between the emitter’s energy and the upper band-
edge, i.e, Du = ∆− ων(±pi) > 0. Taking k as a complex
variable, we can find that the denominator of the inte-
grand of Eq. E3 has four complex poles close to ±pi but
slightly above/below the real axis. To find an approx-
imated expression for the poles, we can expand ων(k)
close to that point, finding it can always be written as:
ων(±pi + iy)/t ≈ ων(±pi)/t+Aνy2 , (E4)
for |y|  1, and where the higher-order terms of the
expansion remain real. This means that to the lowest
order of y, the poles can be approximated by:
kpi,± ≈ pi ± i
√
Du/Aν , (E5)
k−pi,± ≈ −pi ± i
√
Du/Aν . (E6)
Thus, if we define the contour as depicted with dashed
arrows in Fig. 6(a), the integral of Eq. (E3) can be shown
to be given by two contributions: the one of the poles
embedded within the contour, plus the ones of the two
detours along the branch-cut (red arrows):
Jνij = J
ν
ij,pole + J
ν
ij,BC . (E7)
The only poles that contribute are the ones with pos-
itive imaginary part, i.e., k±pi,+, whose contribution can
be obtained by calculating their associated residue. This
can be done by writing ∆− ων(k) ≈ Aν(k − k±pi,+)(k −
k±pi,−) for the k’s close to the poles, which yields
Jνij,polet
g2
≈ (−1)
|nij |
2
ξν
Aν
e−|nij |/ξν . (E8)
where ξu =
√
Aνt/Du provides the localization length of
the interaction and its strength. Note that because the
poles lie in the along the integration contour, they con-
tribute with half of its residue. This can be proven more
rigorously by making the integration along this line and
making use of the identity 1x±i0+ = ∓ipiδ(x) + P (1/x),
or by shifting the domain of integration of Eq. (E3) to
(0, 2pi) as done in Ref. [20].
The branch-cut detour contribution can be written in
the following compact expression:
JνBCt
g2
≈ − 1
pi
∫ ∞
0
dy
Im [ων(ε+ iy)] e
−y|nij |
(∆− Re [ων(ε+ iy)])2 + Im [ων(ε+ iy)]2
=
(E9)
=
∫ ∞
0
Gν(y)e
−y|nij | . (E10)
Since the pole contribution is exponentially damped
for larger distances, the asymptotic scaling of Jνij will al-
ways be provided by JνBC. Due to the e
−y|nij | dependence
of the integrand, the JνBC behaviour at long distances
is dominated by the dependence of Gν(y) for y  1,
which we find to be: Gν(y) ≈ Bνyν−1, with Bν being a
constant that depends on ∆ and the exponent ν. Since∫∞
0
yαe−yd = Γ(1 + α)/d1+α for α > −1, d > 0, and
Γ(x) being the Γ-function, the final asymptotic scaling of
the photon-mediated interactions can be shown to inherit
the same power-law behaviour of the hopping model, i.e.,
Jνij ∝ 1/|nij |ν for nij/ξν  1.
As an illustration that the expressions derived above
reproduce well the behaviour of Jνij , in Figs. 6(b) we plot
together the Jνij for ν = 2 obtained from the direct nu-
merical integration of Eq. E3 (in solid black), and its
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Figure 6. (a) Contour of integration (in dashed blue) to ob-
tain Jνij an approximated expression of Eq. (E3). (b) Jν=2ij
as a function of the distance nij for an emitter tuned to the
upper band-gap. We also plot separately the contribution of
the poles (dotted blue) and the branch-cut detour one (dashed
red). In dotted green we plot the sum of the two contributions
given by Eqs. (E8) and (E9), respectively. (c) Jν=4ij calculated
from numerically integrating Eq. (E3) for an emitter tuned to
the lower-band gap. In dotted blue, we plot the approxi-
mated expression found in Eq. (E16). (d) Jν=2ij calculated
from numerically integrating Eq. (E3) for an emitter tuned
to the lower-band gap. In dashed red, we plot the analytical
expression obtained in Eq. (E17).
different contributions: in dotted blue the pole contri-
bution given by Eq. E8, in dashed red the branch-cut
contribution as defined in Eq. E9, and in dotted green
the sum of the two. The other power-law exponents lead
to qualitatively similar phenomena.
Lower band-gap. When the emitter’s energy lies in the
lower band-gap, that is, ∆ < ων(k) the denominator has
no pole, such that Jνij is only given by the branch-cut
contribution, i.e., Jν = JνBC. The underlying reason in
these region one should try to find the poles close to zero
momentum, e.g., k = 0±+ iy. However, when expanding
ων(k) around it we find that differently from ων(±pi+iy),
it contains both real and imaginary terms, such that no
solution can be found. In particular, we find that (for
integer ν):
Reων(0
+ + iy) ≈ ων(0) + Cνy2 , (E11)
Imων(0
+ + iy) ≈ Dνyν−1 . (E12)
with Dν > 0 for all ν, but where Cν behaves differently
depending on ν:
C2 =
1
2
, (E13)
C3 =
(
ln(y)− 3
2
)
, (E14)
Cν>3 < 0 . (E15)
The different behaviour of such expansions for the
different exponents will lead to qualitatively different
photon-mediated interactions Jνij . Thus, it is convenient
to analyze separately the different situations that can ap-
pear:
•When ν > 3, the Jνij for short distances starts to fea-
tures an exponential decay like in the upper band-gap sit-
uation. This is illustrated in Fig. (6)(c) for ν = 4. Note,
that this behaviour is expected because when ν  1, one
should recover the limit of nearest-neighbour hoppings
which feature solely an exponential decay (Eqs. (16)-
(17)). This can be reconciled mathematically by notic-
ing that when ν > 3, the imaginary contribution of
ων(0
+ + iy) starts to be subleading compared to the real
part (see Eqs. (E11)-(E12)). In that case, if one neglects
this imaginary part, the integrand of Jνij in Eq. (E3) will
have a pole, whose contribution can be approximated by:
Jνij,pole,∗t
|g|2 ≈
ξ∗ν
2Cν
e−|nij |/ξ
∗
ν (E16)
with ξ∗ν =
√−Cνt/Dl with Dl = ων(0)−∆ > 0 (remem-
ber that Cν>3 < 0, see Eq. E15). For ν  1, Cν ≈ −1, re-
covering the results of the nearest-neighbour model that
were given in Eqs. (16)-(17).
• When ν < 3, on the contrary, the imaginary part
of ων(0+ + iy) is of higher order in y than the real one
(see Eqs. (E11)-(E12)), and the initial exponential decay
is not present. This is illustrated in Fig. 6(d), where we
calculate numerically Jν=2ij (in solid black), and compare
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it with an analytical expression (in dashed red) that can
be obtained in that case from the expansion of ων=2(0++
iy). This analytical expression reads:
Jν=2ij = −
|g|2 [− cos(xij)ci(xij) + sin(xij) (pi − 2si(xij))]
2pi2t
,
(E17)
where xij = |nij |Dl/(pit), and ci(x) and si(x) are the
cosine and sine integral functions [59]. When xij  1:
Jν=2ij ≈
|g|2 [γ + log(xij)]
pi2t
, (E18)
with γ being the Euler constant. This is a very interest-
ing regime because it leads to one-dimensional photon-
mediated interactions with no exponential attenuation,
and with a range larger than the original photonic model.
• The case of ν = 3 is more difficult to treat analyti-
cally due to the logarithmic divergence that one finds in
C3 (see Eq. (E14)). In order to find an approximated
expression, let us first note that one can approximate
G3(y) by the lowest-order expansion of ων=3(0+ + iy),
that reads:
G3(y) ≈ − y
2
2
[
(D2l + y
2 (ln(y)− 3/2))2 + pi2y4/2
] .
(E19)
By a numerical study, we showed that this approxima-
tion is already enough to reproduce well the behaviour
for most distances. Then, it is convenient to divide the
integrand of Jν=3ij,BC in two functions:
Jν=3ij,BCt
g2
=
∫ ∞
0
dyG3(y)e
−y|nij | ≈
∫ ∞
0
dyF (y)H(y, |nij |) ,
(E20)
where:
F (y) = − 1
2
[
(D2l + y
2 (ln(y)− 3/2))2 + pi2y4/2
] ,
(E21)
H(y, d) = y2e−yd . (E22)
The function of H(y, d) scales as
H(y  1, d) ≈ y2 (E23)
H(y  1, d) ≈ y2e−yd , (E24)
and has a maximum yh ≈ 2/d. The function F (y) scales
as:
F (y  1) ≈ − 1
2δ2
, (E25)
F (y  1) ≈ − 1
2y4 log(2/d)2
, (E26)
and has a maximum yf ≈
√
Dl/t/2. Thus, it will be
the ratio yf/yh what will determine a transition between
two qualitatively different regimes. For example, when
|nij |  4/
√
Dl/t, one can find the same asymptotic scal-
ing than in the upper band-gap regime:
Jν=3ij,BCt
g2
≈ − t
2
|nij |3D2l
. (E27)
To find an expression for Jν=3ij,BC in the short-distance
regime, |nij |  4/
√
Dl/t, we found it is a good approx-
imation to replace log(y) → log(2/d), which is justified
due to the peaked behaviour of H(y, d) around yh = 2/d.
Like this, one can rewrite F (y) as the sum of:
F (y) = − |A|
2
4D2l y
2
[(
1
y2 −A + c.c.
)
+
ReA
iImA
(
1
y2 −A − c.c.
)]
,
(E28)
where:
A =
2iDl
pi + i(3− 2 log(2/d)) . (E29)
The advantage of this rewriting is that now the integral
has a closed analytical expression in terms of cosine and
sine integrals:∫ ∞
0
dy
e−yd
y2 −A = dq(−
√
Ad) , (E30)
with q(x):
q(x) =
2ci(x) sin(x) + cos(x) (pi − 2si(x))
2x
, (E31)
Thus:
Jν=3ij,BCt
g2
≈ −|A|
2d
2D2l
[
Re[q(−
√
A|nij |)] + ReA
ImA
Im[q(−
√
A|nij |)]
]
.
(E32)
In Fig. 7 we illustrate the behaviour of all these ap-
proximations. In the different panels, we compare the
result of numerically integrating Eq. (E3) for ν = 3 and
several detunings Dl/t = 0.01, 0.1, 1 (in solid black) with
the different approximated expressions we found. For
example, in dashed red we plot the result of calculat-
ing the branch-cut detour contribution approximating
the integrand by the expression given by Eq. (E19). In
dashed green, we plot the asymptotic contribution found
in Eq. (E27), whereas in dotted blue we plot the expres-
sion we found for short distances in Eq. (E32). We note
that at long-distances it starts to deviate significantly
due to the approximation log(y)→ log(2/d) we perform
to be able to obtain an analytical expression. However,
this occurs when the asymptotic expression of Eq. (E27)
already capture well the results.
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Figure 7. |Jν=3ij | calculated from numerically integrating
Eq. (E3) for an emitter tuned to the lower-band gap (solid
black). In dashed red, we plot the result of approximating the
integrand of the branch-cut contribution as in Eq. (E19). In
dashed green, we plot the asymptotic expression of Eq. (E27).
In dotted blue, we plot the approximated expression we found
in Eq. (E32). The three panels correspond to increasing values
of Dl/t (see legend), whereas the vertical dashed line corre-
spond to the critical distance 4/
√
Dl/t where the transition
between the short/long-range behaviour is expected.
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